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In this paper, we use the weighted distance between fuzzy numbers to investigate the approxima-
tion of arbitrary fuzzy numbers by weighted distance. We then discuss properties of the approxima-
tion strategy including continuity, translation invariance, scale invariance and identity and give an
application to the generation of fuzzy partitions.
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Fuzzy set theory proposed by Zadeh [19] allows us to process and transform imprecise
information eﬀectively and ﬂexibly. Fuzzy numbers play a signiﬁcant role among all fuzzy
sets since the predominant representation of information is numeric. Triangular fuzzy
numbers have been extensively applied in fuzzy control and fuzzy decision-making
[2,3,12,13,15,17]. However, some operations such as +, , · and  operations of fuzzy
numbers can be complicated to perform [5,8]. Thus, the following natural question arises:0888-613X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
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information?
Defuzziﬁcation in [1,4,6,7,9–11,14,16,18] has been proposed as a method for summariz-
ing a fuzzy number. The major idea was to obtain a typical value from a given fuzzy set
according to some speciﬁc characteristics such as central gravity, median, etc. In other
words, each defuzziﬁcation method provides a correspondence from the set of all fuzzy
sets into the set of real numbers. For example, in 1998, Delgado et al. [4] proposed two
parameters (value and ambiguity) to obtain canonical representations of a fuzzy number.
In 2000, Ma et al. [14] investigated a defuzziﬁcation method to obtain the nearest symmet-
ric triangular fuzzy number. In 2002 and 2005, Grzegorzewski [9,10] studied interval
approximation and trapezoidal approximation of a fuzzy number, respectively. Recently,
Abbasbandy and Amirfakhrian [1] proposed the nearest trapezoidal form of a generalized
left right fuzzy number, Guerra and Stefanini [11] used a monotonic interpolation algo-
rithm to do approximate fuzzy arithmetic operation, Stefanini et al. [16] presented para-
metric representation of fuzzy number. These works show that the defuzziﬁcation of a
fuzzy number is a meaningful topic.
In this paper, we use a weighted distance between fuzzy numbers, which can syntheti-
cally reﬂect the information on every membership degree by the integral of distance of
every k-cut set, to investigate weighted triangular approximation of fuzzy number. We
then discuss some properties of the approximation including continuity, translation invari-
ance, scale invariance and identity and give an application to the generation of fuzzy
partitions.
The rest of our work is organized as follows. In Section 2, we recall some notions of
fuzzy number and introduce weighted distance between fuzzy numbers. In Section 3, we
investigate the weighted triangular approximation of a fuzzy number with respect to
weighted distance and give its general calculating formula. In Section 4, we discuss some
properties of weighted triangular approximation such as continuity, translation invari-
ance, scale invariance and identity. In Section 5, we give an application to the generation
of fuzzy partitions. The ﬁnal section is conclusion.
2. Preliminaries
Throughout this paper, R stands for the set of all real numbers, eR stands for the set of
all fuzzy numbers on R, T ðRÞ stands for the set of all triangular fuzzy number on R, A
expresses a fuzzy number and A(x) is its membership function 8x 2 R.
Deﬁnition 1. A fuzzy number A is a fuzzy set deﬁned on R characterized by means of
membership function A(x), A : R! ½0; 1,
AðxÞ ¼
0; x 6 a;
lAðxÞ; a < x 6 b;
1; b < x 6 c;
rAðxÞ; c < x 6 d;
0; d < x;
8>>>><>>>:
where lA and rA are nondecreasing and nonincreasing functions, respectively. The func-
tions lA and rA are also called the left and right side of fuzzy number A, respectively.
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1
AðxÞdx < þ1:Deﬁnition 2. A fuzzy number A is called a triangular fuzzy number if its membership func-
tion A(x) has the following form:
AðxÞ ¼
0; x 6 b a;
xbþa
a ; b a < x < b;
1; x ¼ b;
bþbx
b ; b < x 6 bþ b;
0; bþ b < x;
8>>>><>>>>:
where parameters a and b are positive real numbers, and are called left and right width,
respectively. Using the notation in [5], we write, A = (b,a,b).Deﬁnition 3. Fuzzy number A is called a trapezoidal fuzzy number if its membership func-
tion A(x) has the following form:
AðxÞ ¼
0; x 6 b a;
xbþa
a ; b a < x 6 b;
1; b < x 6 c;
cþbx
b ; c < x 6 cþ b;
0; cþ b < x;
8>>>><>>>:
where parameters a and b are positive real numbers, and are called as left and right width,
respectively. Using the notation in [5], we write, A = (b,c,a,b).
For a fuzzy number A, its k-cut set, Ak = [A
(k),A+(k)] is a closed interval, where
A(k) = inf{xjA(x)P k}, A+(k) = sup{xjA(x)P k}. If the left and right sides of fuzzy
number A are strictly monotone, obviously, A(k) and A+(k) are inverse functions of lA
and rA, respectively.Deﬁnition 4. For two arbitrary fuzzy numbers A and B with k-cut sets [A(k),A+(k)] and
[B(k),B+(k)], we call
dðA;BÞ ¼
Z 1
0
f ðkÞd2ðAk;BkÞdk
 1=2
ð1Þ
the weighted distance between fuzzy numbers A and B, where d2(Ak,Bk) =
(A(k)  B(k))2 + (A+(k)  B+(k))2 and the function f(k) is nonnegative and increasing
on [0,1] with f(0) = 0 and
R 1
0
f ðkÞdk ¼ 1
2
. The function f(k) is also called weighting
function.
Clearly, d(Ak,Bk) is the distance of k-cut sets of fuzzy numbers A and B. It reﬂects the
nearness and overlap degree between Ak and Bk. The function f(k) can be understood as
the weight of d2(Ak,Bk), the property of monotone increasing of function f(k) means that
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fuzzy numbers A and B. Both conditions f(0) = 0 and
R 1
0 f ðkÞdk ¼ 12 ensure that the
distance deﬁned by Eq. (1) is the extension of ordinary distance in R deﬁned by an
absolute value. That means, this distance d becomes an absolute value in R when fuzzy
number reduces to a real number. In applications, the function f(k) can be chosen
according to the actual situation. In this paper, we let f(k) = k.
Obviously, the weighted distance deﬁned by Eq. (1) synthetically reﬂects the
information on every membership degree, and the meaning of this distance is visual and
natural. Its advantage is that diﬀerent k-cut sets play different roles. In this paper, we will
use the weighted distance to investigate weighted triangular approximation of a fuzzy
number, which we simply call weighted triangular approximation.3. Weighted triangular approximation
In this section, we use weighted triangular approximation of a fuzzy number to approx-
imately represent a given fuzzy number with respect to our distance d deﬁned by Eq. (1)
and propose its calculation expression.
Given a fuzzy number A and its k-cut set Ak = [A
(k),A+(k)] for k 2 (0,1], our aim is to
ﬁnd a triangular fuzzy number T(A) = (t1, t2, t3) that approximates fuzzy number A, where
t1 is its center, t2 and t3 are its left and right widths, respectively. T(A) is called weighted
triangular approximation of fuzzy number A with respect to weighted distance d deﬁned
by Eq. (1). Here, the k-cut set of triangular fuzzy number T(A) is denoted by
T(A)k = [t1  (1  k)t2, t1 + (1  k)t3]. Hence, we have to minimize
dðA;T ðAÞÞ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃZ 1
0
f ðkÞ AðkÞðt1ð1kÞt2Þ½ 2dkþ
Z 1
0
f ðkÞ AþðkÞðt1þð1kÞt3Þ½ 2dk
s
;
ð2Þ
where function f(k) is weighting function.
In order to minimize d(A,T(A)), it suﬃces to minimize the function D(t1, t2, t3) =
(d(A,T(A)))2. Thus, we can get their partial derivatives
oDðt1; t2; t3Þ
ot1
¼2
Z 1
0
f ðkÞ AðkÞ t1þð1kÞt2½ dk2
Z 1
0
f ðkÞ AþðkÞ t1ð1kÞt3½ dk;
oDðt1; t2; t3Þ
ot2
¼ 2
Z 1
0
f ðkÞ AðkÞ t1þð1kÞt2½ ð1kÞdk;
oDðt1; t2; t3Þ
ot3
¼2
Z 1
0
f ðkÞ AþðkÞ t1ð1kÞt3½ ð1kÞdk:
8>>>>><>>>>>:
ð3Þ
Let
oDðt1; t2; t3Þ
ot1
¼ oDðt1; t2; t3Þ
ot2
¼ oDðt1; t2; t3Þ
ot3
¼ 0, then we solveR 1
0
f ðkÞðAðkÞ þ AþðkÞÞdk t1 þ ðt2  t3Þ
R 1
0
f ðkÞð1 kÞdk ¼ 0;R 1
0
f ðkÞð1 kÞAðkÞdk t1
R 1
0
f ðkÞð1 kÞdkþ t2
R 1
0
f ðkÞð1 kÞ2dk ¼ 0;R 1
0
f ðkÞð1 kÞAþðkÞdk t1
R 1
0
f ðkÞð1 kÞdk t3
R 1
0
f ðkÞð1 kÞ2dk ¼ 0:
8><>>:
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t1¼
R 1
0
f ðkÞð1kÞdkR 1
0
f ðkÞð1kÞðAðkÞþAþðkÞÞdkR 1
0
f ðkÞð1kÞ2dkR 1
0
f ðkÞðAðkÞþAþðkÞÞdk
2ðR 1
0
f ðkÞð1kÞdkÞ2R 1
0
f ðkÞð1kÞ2dk
;
t2¼
t1
R 1
0
f ðkÞð1kÞdkR 1
0
f ðkÞð1kÞAðkÞdkR 1
0
f ðkÞð1kÞ2dk
;
t3¼
R 1
0
f ðkÞð1kÞAþðkÞdk t1
R 1
0
f ðkÞð1kÞdkR 1
0
f ðkÞð1kÞ2dk
:
8>>>>>><>>>>>>:
ð4Þ
Considering weighting function f(k) = k, then we have
R 1
0
f ðkÞdk ¼ 1
2
,
R 1
0
f ðkÞð1 kÞdk ¼ 1
6
and
R 1
0 f ðkÞð1 kÞ2dk ¼ 112, therefore, the solution in Eq. (4) can also be expressed as
follows:
t1 ¼ t1ðAÞ ¼ 3
R 1
0
kðAðkÞ þ AþðkÞÞdk 6 R 1
0
kð1 kÞðAðkÞ þ AþðkÞÞdk;
t2 ¼ t2ðAÞ ¼ 6
R 1
0
kðAðkÞ þ AþðkÞÞdk 12 R 1
0
kð1 kÞð2AðkÞ þ AþðkÞÞdk;
t3 ¼ t3ðAÞ ¼ 12
R 1
0
kð1 kÞðAðkþ 2AþðkÞÞdk 6 R 1
0
kðAðkÞ þ AþðkÞÞdk:
8>><>>: ð5ÞTheorem 1. 2
R 1
0 f ðkÞð1 kÞdk
 2
6 2
R 1
0 f ðkÞð1 kÞ2dk.Proof. From the property of weighting function f(k) = k, 2
R 1
0 f ðkÞdk ¼ 1 and Schwarz’s
inequality, we have
2
Z 1
0
f ðkÞð1 kÞdk
 2
¼ 2
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðkÞ
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðkÞ
p
ð1 kÞdk
 2
6 4
Z 1
0
f ðkÞdk
Z 1
0
f ðkÞð1 kÞ2dk
¼ 2
Z 1
0
f ðkÞð1 kÞ2dk:
Moreover, we can get the Hessian matrix,
o2Dðt1; t2; t3Þ
otiotj
 
¼
2 2R 10 f ðkÞð1kÞdk 2R 10 f ðkÞð1kÞdk
2R 1
0
f ðkÞð1kÞdk 2R 1
0
f ðkÞð1kÞ2dk 0
2
R 1
0
f ðkÞð1kÞdk 0 2R 1
0
f ðkÞð1kÞ2dk
0BB@
1CCA:
And o
2Dðt1;t2;t3Þ
ot2
1
¼ 2 > 0, and
det
o2Dðt1; t2; t3Þ
otiotj i¼1;2;j¼1;2
" #
¼ 4
Z 1
0
f ðkÞð1 kÞ2dkþ 4
Z 1
0
f ðkÞð1 kÞdk
 2
> 0;
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o2Dðt1; t2; t3Þ
otiotj i¼1;2;3;j¼1;2;3
" #
¼ 4
Z 1
0
f ðkÞð1 kÞ2dk
"
2
Z 1
0
f ðkÞð1 kÞ2dk
4
Z 1
0
f ðkÞð1 kÞdk
 2#
P 0:
It shows that t1, t2 and t3 given by Eq. (4) minimize D(t1, t2, t3) and actually also minimize
d(t1, t2, t3) simultaneously.
Therefore, we obtain weighted triangular approximation T(A) = (t1, t2, t3) of fuzzy
number A, where t1, t2 and t3 are given by Eq. (4). hTheorem 2. Let A be fuzzy number with continuous and strictly monotonic side functions lA
and rA, then its weighted triangular approximation T(A) = (t1, t2, t3) can be expressed as
follows:
t1 ¼ bþc2 þ 32
R b
a l
2
AðxÞdx 2
R b
a l
3
AðxÞdx 32
R d
c r
2
AðxÞdxþ 2
R d
c r
3
AðxÞdx;
t2 ¼ bþ cþ 9
R b
a l
2
AðxÞdx 8
R b
a l
3
AðxÞdx 3
R d
c r
2
AðxÞdxþ 4
R d
c r
3
AðxÞdx;
t3 ¼ bþ c 3
R b
a l
2
AðxÞdxþ 4
R b
a l
3
AðxÞdxþ 9
R d
c r
2
AðxÞdx 8
R d
c r
3
AðxÞdx:
8><>: ð6ÞProof. For fuzzy number A, since its two side functions lA and rA are continuous and
strictly monotonic, then its k-cut set Ak ¼ ½l1A ðkÞ; r1A ðkÞ for k 2 (0,1].
Thus, using the well-known formulae for integration by substitution and the integration
by parts, we haveZ 1
0
kAðkÞdk ¼
Z 1
0
kl1A ðkÞdk ¼
Z b
a
xlAðxÞl0AðxÞdx ¼
1
2
Z b
a
xdl2AðxÞ
¼ 1
2
xl2AðxÞjba 
Z b
a
l2AðxÞdx
 
¼ 1
2
b 1
2
Z b
a
l2AðxÞdx:
Similarly, we haveZ 1
0
kAþðkÞdk ¼ 1
2
cþ 1
2
Z d
c
r2AðxÞdx;Z 1
0
k2AðkÞdk ¼ 1
3
b 1
3
Z b
a
l3AðxÞdx;Z 1
0
k2AþðkÞdk ¼ 1
3
cþ 1
3
Z d
c
r3AðxÞdx:
Thus, we substitute the above expressions into Eq. (5) and have
t1 ¼ bþc2 þ 32
R b
a l
2
AðxÞdx 2
R b
a l
3
AðxÞdx 32
R d
c r
2
AðxÞdxþ 2
R d
c r
3
AðxÞdx;
t2 ¼ bþ cþ 9
R b
a l
2
AðxÞdx 8
R b
a l
3
AðxÞdx 3
R d
c r
2
AðxÞdxþ 4
R d
c r
3
AðxÞdx;
t3 ¼ bþ c 3
R b
a l
2
AðxÞdxþ 4
R b
a l
3
AðxÞdxþ 9
R d
c r
2
AðxÞdx 8
R d
c r
3
AðxÞdx: 
8><>:
W. Zeng, H. Li / Internat. J. Approx. Reason. 46 (2007) 137–150 143Example 1. Given a trapezoidal fuzzy number A = (b,c,a,b) with a and b are left and
right width, respectively. Then we have left and right side functions lAðxÞ ¼ xbþaa and
rAðxÞ ¼ cþbxb , respectively.
Applying Eq. (6), its weighted triangular approximation T(A) is characterized by
t1 ¼ bþ c
2
; t2 ¼ bþ cþ a; t3 ¼ bþ cþ b:Example 2. Considering the Gaussian membership function AðxÞ ¼ eðxl0Þ2=r20 , then we
have its k-cut set Ak ¼ ½l0  r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ln kp ; l0 þ r0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ln kp .
Applying Eq. (5), then its weighted triangular approximation T(A) is characterized by
t1 ¼ 3
Z 1
0
2kl0 dk 6
Z 1
0
2kð1 kÞl0 dk ¼ l0;
t2 ¼ 6
Z 1
0
2kl0 dk 12
Z 1
0
kð1 kÞ 3l0  r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ln k
p 
dk
¼ 12r0
Z 1
0
kð1 kÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ln k
p
dk ¼ ð9
ﬃﬃﬃ
2
p  4 ﬃﬃﬃ3p Þ ﬃﬃﬃpp
6
r0;
t3 ¼ 12
Z 1
0
kð1 kÞ 3l0 þ r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ln k
p 
dk 6
Z 1
0
2kl0 dk
¼ 12r0
Z 1
0
kð1 kÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ln k
p
dk ¼ ð9
ﬃﬃﬃ
2
p  4 ﬃﬃﬃ3p Þ ﬃﬃﬃpp
6
r0:
It needs to point out, Fig. 1 shows the weighted triangular approximation for a Gauss-
ian membership function with mean 3 and deviation 0.9.0 1 2 3 4 5 6 7
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
  T(A) is Weighted triangular approximation of fuzzy number A   
Fig. 1. T(A) is weighted triangular approximation of fuzzy number A.
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numbers into a single fuzzy quantity. Let A and B be fuzzy numbers, Ak ¼ ½Ak ;Aþk  and
Bk ¼ ½Bk ;Bþk  are k-cut sets of fuzzy numbers A and B, respectively. We try to ﬁnd a
symmetric triangular fuzzy number S = (x0,r,r), where x0 is its center and r is its left and
right width, near both fuzzy numbers A and B. Thus, we minimize
Kðx0; rÞ ¼
Z 1
0
f ðkÞ AðkÞ  ðx0  ð1 kÞrÞ½ 2dk
þ
Z 1
0
f ðkÞ AþðkÞ  ðx0 þ ð1 kÞrÞ½ 2dk
þ
Z 1
0
f ðkÞ BðkÞ  ðx0  ð1 kÞrÞ½ 2dk
þ
Z 1
0
f ðkÞ BþðkÞ  ðx0 þ ð1 kÞrÞ½ 2dk:
Let oKðx0;rÞox0 ¼ 0;
oKðx0;rÞ
or ¼ 0, this impliesR 1
0
f ðkÞðAðkÞ þ AþðkÞ þ BðkÞ þ BþðkÞÞdk 2x0 ¼ 0;R 1
0
f ðkÞð1 kÞ½AðkÞ þ BðkÞ  AþðkÞ  BþðkÞdk 4r R 1
0
f ðkÞð1 kÞ2dk ¼ 0:
(
Hence, we have
x0 ¼ 12
R 1
0 f ðkÞ AðkÞ þ AþðkÞ þ BðkÞ þ BþðkÞ½ dk;
r ¼
R 1
0
f ðkÞð1kÞ AþðkÞþBþðkÞAðkÞBðkÞ½ dk
4
R 1
0
f ðkÞð1kÞ2dk
:
8><>: ð7Þ
4. Properties of weighted triangular approximation
In this section, we discuss some properties of weighted triangular approximation.
Theorem 3. Weighted triangular approximation satisfies the following properties.(1) Translation invariance: 8z 2 R;A 2 eR, then we have T(A + z) = T(A) + z;
(2) Scale invariance: 8a 2 R n f0g;A 2 eR, then we have T(aA) = aT(A).Proof
(1) For fuzzynumberA,"k 2 (0,1], we have its k-cut setAk = [A(k),A+(k)] and for anarbi-
trary real number z, then we can get (A + z)k = [A
(k) + z,A+(k) + z], hence, we have
t1ðAþ zÞ¼ 3
Z 1
0
kðAðkÞþ zþAþðkÞþ zÞdk6
Z 1
0
kð1kÞðAðkÞþ zþAþðkÞþ zÞdk
¼ 3
Z 1
0
kðAðkÞþAþðkÞÞdk6
Z 1
0
kð1kÞðAðkÞþAþðkÞÞdk
þ6z
Z 1
0
kdk12z
Z 1
0
kð1kÞdk¼ t1ðAÞþ z;
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Z 1
0
kðAðkÞþ zþAþðkÞþ zÞdk12
Z 1
0
kð1kÞð2AðkÞþ2zþAþðkÞþ zÞdk
¼ 6
Z 1
0
kðAðkÞþAþðkÞÞdk12
Z 1
0
kð1kÞð2AðkÞþAþðkÞÞdk
þ12z
Z 1
0
kdk36z
Z 1
0
kð1kÞdk¼ t2ðAÞ;
t3ðAþ zÞ¼ 12
Z 1
0
kð1kÞðAðkÞþ zþ2AþðkÞþ2zÞdk6
Z 1
0
kðAðkÞþ zþAþðkÞþ zÞdk
¼ 12
Z 1
0
kð1kÞðAðkÞþ2AþðkÞÞdk6
Z 1
0
kðAðkÞþAþðkÞÞdk
þ36z
Z 1
0
kð1kÞdk12z
Z 1
0
kdk¼ t3ðAÞ:
Therefore, T(A + z) = T(A) + z.
(2) Considering a is a real number such that a5 0, then, "k 2 (0,1], we have
(aA)k = aAk. Thus, when a > 0, we havet1ðaAÞ ¼ 3
Z 1
0
kaðAðkÞ þ AþðkÞÞdk 6
Z 1
0
kð1 kÞaðAðkÞ þ AþðkÞÞdk
¼ a 3
Z 1
0
kðAðkÞ þ AþðkÞÞdk 6
Z 1
0
kð1 kÞðAðkÞ þ AþðkÞÞdk
 
¼ at1ðAÞ:
Similarly, we can get t2(aA) = at2(A), t3(aA) = at3(A).
With the same reasoning, we can give the proof when a < 0. hTheorem 4. Weighted triangular approximation satisfies the identity property.Proof. Suppose a triangular fuzzy number B = (b,p,q), where b is its center, p and q are its
left and right width, respectively, and its k-cut set Bk = [b  (1  k)p, b + (1  k)q]. Hence,
its weighted triangular approximation T(B) is determined by
t1ðBÞ¼ 3
Z 1
0
kðBðkÞþBþðkÞÞdk6
Z 1
0
kð1kÞðBðkÞþBþðkÞÞdk
¼ 3
Z 1
0
kð2bð1kÞpþð1kÞqÞdk6
Z 1
0
kð1kÞð2bð1kÞpþð1kÞqÞdk
¼ b;
t2ðBÞ¼ 6
Z 1
0
kðBðkÞþBþðkÞÞdk12
Z 1
0
kð1kÞð2BðkÞþBþðkÞÞdk
¼ 6
Z 1
0
kð2bþðqpÞþðpqÞkÞdk12
Z 1
0
kð1kÞð3bþðq2pÞþð2pqÞkÞdk
¼ p;
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Z 1
0
kð1kÞðBðkÞþ2BþðkÞÞdk6
Z 1
0
kðBðkÞþBþðkÞÞdk
¼ 12
Z 1
0
kð1kÞð3bþð2qpÞþðp2qÞkÞdk6
Z 1
0
kð2bþðqpÞþðpqÞkÞdk
¼ q:
Therefore, T(B) = B = (b,p,q), and weighted triangular approximation satisﬁes the
identity property.
Grzegorzewski [9] used the continuity of mappings of fuzzy sets to describe properties
of fuzzy sets transformations and introduced continuity to describe approximation
operation. For A;B 2 eR, T(A) and T(B) denote triangular approximation of fuzzy
numbers A and B, respectively. A mapping T between fuzzy sets is continuous, if
"e > 0,$d > 0, dðA;BÞ < d) dðT ðAÞ; T ðBÞÞ < e, where d is a metric deﬁned on fuzzy
number space. hDeﬁnition 5. The triangular approximation of fuzzy number is called continuous triangu-
lar approximation if it satisﬁes the above condition for any A;B 2 eR.
Theorem 5. Weighted triangular approximation is continuous triangular approximation.Proof. For given two fuzzy numbers A and B, and their k-cut sets Ak = [A
(k),A+(k)],
Bk = [B
(k),B+(k)]. T(A) = (t1(A), t2(A), t3(A)) and T(B) = (t1(B), t2(B), t3(B)) are their
weighted triangular approximations, respectively, and T(A)k = [t1(A)  (1  k)t2(A),
t1(A) + (1  k)t3(A)] and T(B)k = [t1(B)  (1  k)t2(B), t1(B) + (1  k)t3(B)] are their
k-cut sets, respectively. We order weighting function f(k) = k, applying Eqs. (1) and (5),
known by appendix, we have
d2ðT ðAÞ; T ðBÞÞ 6 13d2ðA;BÞ: ð8Þ
It means that 8e > 0; 9d ¼
ﬃﬃﬃ
13
p
13
e > 0, when d(A,B) < d, then we have d(T(A),T(B)) < e. It
shows that our weighted triangular approximation is continuous triangular approxi-
mation.
In other words, if fuzzy numbers A and B are close enough, then their weighted
triangular approximations are also close enough. h5. Application
In this section, we apply our weighted triangular approximation to obtain a fuzzy par-
tition from two extreme values for weighting function f(k) = k, k 2 [0,1].
Example 3. Fuzzy partition
Step 1: Given the extreme values 0 and 1, we deﬁne the fuzzy number ‘‘medium’’ A1 as
A1 ðkÞ ¼ k2 and Aþ1 ðkÞ ¼ 1 k2.
Step 2: Merge 0 and A1, then we can obtain ‘‘lower medium’’ A21 for which
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2
Z 1
0
k A1 ðkÞ þ Aþ1 ðkÞ þ 0þ 0
 
dk ¼ 1
4
;
r ¼ 3
Z 1
0
kð1 kÞ Aþ1 ðkÞ  A1 ðkÞ þ 0 0
 
dk ¼ 1
4
:
Thus, A21ðkÞ ¼ 14 k; Aþ21ðkÞ ¼ 12 14 k.
With the same reason, we can merge A1 and 1, and get the ‘‘upper medium’’ A23
with x0 ¼ 34 ; r ¼ 14, i.e.,
A23ðkÞ ¼
1
2
þ 1
4
k; Aþ23ðkÞ ¼ 1
1
4
k:
Step 3: Update the ‘‘medium’’ by merging the ‘‘lower medium’’ A21 and ‘‘upper medium’’
A23. The result is the ‘‘medium’’ A22 withx0 ¼ 1
2
Z 1
0
k
1
4
kþ 1
2
 1
4
kþ 1
2
þ 1
4
kþ 1 1
4
k
	 

dk ¼ 1
2
;
r ¼ 3
Z 1
0
kð1 kÞ 1
2
 1
4
k 1
4
kþ 1 1
4
k 1
2
 1
4
k
	 

dk ¼ 1
4
;
i.e. A22ðkÞ ¼ 14þ 14 k;Aþ22ðkÞ ¼ 34 14 k.
Therefore, we obtain a fuzzy partition with ﬁve elements P = {0,A21,A22,A23,1}.
Fig. 2 shows a fuzzy partition which is obtained from two extreme values 0 and 1 for
weighting function f(k) = k, k 2 [0,1].
The ﬁner partition of nine elements, P 0 = {0,A31,A32,A33,A34,A35,A36,A37,1} can be
calculated using the same technique.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
  Fuzzy partition
Fig. 2. Fuzzy partition.
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expression ‘‘seldom’’, ‘‘medium’’ and ‘‘almost all’’. It is easy to ﬁnd that the fuzziness of its
elements decreases when the fuzzy partition becomes ﬁner.6. Conclusion
In this paper, we use a weighted distance between fuzzy numbers to investigate
weighted triangular approximation of arbitrary fuzzy numbers and discuss some proper-
ties of the approximation including continuity, translation invariance, scale invariance and
identity. Our result generalizes the symmetric triangular approximation in [14]. It shows
that our proposed method is reasonable in real life.
However, every defuzziﬁcation method or approximation of fuzzy number simpliﬁes
the membership function of fuzzy number, thus it certainly causes some loss of informa-
tion for a given fuzzy number. Our weighted triangular approximation is proposed based
on potential applications in fuzzy control. Generally, it is diﬃcult to preserve some prop-
erties of the original fuzzy numbers as noted in [4].
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Appendix
In the following, we will show that the formula (8) is valid:
d2ðT ðAÞ; T ðBÞÞ ¼
Z 1
0
k½ðt1ðAÞ  t1ðBÞÞ  ð1 kÞðt2ðAÞ  t2ðBÞÞ2dk
þ
Z 1
0
k½ðt1ðAÞ  t1ðBÞÞ þ ð1 kÞðt3ðAÞ  t3ðBÞÞ2dk
¼ ðt1ðAÞ  t1ðBÞÞ2
Z 1
0
kdk 2ðt1ðAÞ  t1ðBÞÞðt2ðAÞ  t2ðBÞÞ

Z 1
0
kð1 kÞdkþ ðt2ðAÞ  t2ðBÞÞ2
Z 1
0
kð1 kÞ2dk
þ ðt1ðAÞ  t1ðBÞÞ2
Z 1
0
kdkþ 2ðt1ðAÞ  t1ðBÞÞðt3ðAÞ  t3ðBÞÞ

Z 1
0
kð1 kÞdkþ ðt3ðAÞ  t3ðBÞÞ2
Z 1
0
kð1 kÞ2dk
¼ ðt1ðAÞ  t1ðBÞÞ2  1
3
ðt1ðAÞ  t1ðBÞÞðt2ðAÞ  t2ðBÞÞ þ 1
12
ðt2ðAÞ
 t2ðBÞÞ2 þ 1
3
ðt1ðAÞ  t1ðBÞÞðt3ðAÞ  t3ðBÞÞ þ 1
12
ðt3ðAÞ  t3ðBÞÞ2
¼ 3
Z 1
0
kðAðkÞ  BðkÞÞdk
 2
þ 3
Z 1
0
kðAþðkÞ  BþðkÞÞdk
 2
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Z 1
0
kð1 kÞðAðkÞ  BðkÞÞdk
 2
þ 24
Z 1
0
kð1 kÞðAþðkÞ  BþðkÞÞdk
 2
þ 6
Z 1
0
kðAðkÞ  BðkÞÞdk
Z 1
0
kðAþðkÞ  BþðkÞÞdkþ 24
Z 1
0
kð1 kÞðAðkÞ
 BðkÞÞdk
Z 1
0
kð1 kÞðAþðkÞ  BþðkÞÞdk 12
Z 1
0
kðAðkÞ  BðkÞÞdk

Z 1
0
kð1 kÞðAðkÞ  BðkÞÞdk 12
Z 1
0
kðAðkÞ  BðkÞÞdk
Z 1
0
kð1 kÞðAþðkÞ
 BþðkÞÞdk 12
Z 1
0
kðAþðkÞ  BþðkÞÞdk
Z 1
0
kð1 kÞðAþðkÞ  BþðkÞÞdk
 12
Z 1
0
kðAþðkÞ  BþðkÞÞdk
Z 1
0
kð1 kÞðAðkÞ  BðkÞÞdk
6 18
Z 1
0
kðAðkÞ  BðkÞÞdk
 2
þ 18
Z 1
0
kðAþðkÞ  BþðkÞÞdk
 2
þ 48
Z 1
0
kð1 kÞðAðkÞ  BðkÞÞdk
 2
þ 48
Z 1
0
kð1 kÞðAþðkÞ  BþðkÞÞdk
 2
6 18
Z 1
0
kdk
Z 1
0
kðAðkÞ  BðkÞÞ2dkþ 18
Z 1
0
kdk
Z 1
0
kðAþðkÞ  BþðkÞÞ2dk
þ 48
Z 1
0
kð1 kÞ2dk
Z 1
0
kðAðkÞ  BðkÞÞ2dkþ 48
Z 1
0
kð1 kÞ2dk

Z 1
0
kðAþðkÞ  BþðkÞÞ2dk ¼ 13
Z 1
0
kðAðkÞ  BðkÞÞ2dk
þ 13
Z 1
0
kðAþðkÞ  BþðkÞÞ2dk ¼ 13d2ðA;BÞ:References
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